Abstract We show that the Higgs sector of the Standard Model, when interactions with the gauge bosons and the fermion sector are neglected, preserves naturalness. The reason is due to the spectrum of the theory that yields a gap equation that depends on three parameters and admits always a finite solution even for the cut-off running to the Planck mass. This is possible as we are able to solve exactly the set of Dyson-Schwinger equations for this non-interacting case.
Introduction
The Higgs mechanism was discovered in the sixties [1, 2, 3, 4, 5, 6] and successfully introduced in the Standard Model of the elementary particle by Weinberg and Salam [7, 8] . After several decades of search, the accomplishment of the discovery of the Higgs particle was concretized by the LHC in the 2012 [9, 10] . It is by now a well acquired fact that this theory is plagued by triviality, that is, it cannot exist as an interacting theory. This question was recently addressed, for the four dimensional case, in [11, 12] for the strong coupling limit and from the exact solution of the Dysono-Schwinger equations in [13] .
The aim of this paper is to address another difficulty that this sector of the Standard Model meets, the question of naturalness. The effect of the renormalization of the mass of the Higgs field runs without bound to increasing cut-off so, there is no apparent reason why the mass of the Higgs particle should stay at the observed small value. Indeed, the quadratic correction appears to be improbable [14] . Beyond all the proposed solutions, we show here, working with exact solutions, that the theory does not suffer from this problem but, rather, this is an artifact of perturbation theory. Indeed, our result supports naturalness as a sound principle to be used as a guide for proposing theories.
Owing an exact solution permits to address the problem correctly obtaining a gap equation for the spectrum of the theory. Therefore, the dependence on the cut-off of the spectrum is not trivial and no running-off to infinity is ever observed. Rather, we are able to obtain a consistent beta function for the selfinteraction coupling of the Higgs field. This is consistent with the results given in textbooks [15, 16] .
In order to make the paper self-contained, we derive again all the equations needed for our analysis as already shown in [13] .
The paper is structured as follows. In Sec. 2 we present the exact solutions for the Higgs sector of the Standard Model and the the Green functions of the classical theory. In Sec. 3 we present the solution of the Dyson-Schwinger equations of the theory. In Sec. 4 we give the main result showing how the theory is consistent with the naturalness requirement. Finally, in Sec. 5 we yield the conclusions.
Exact solutions

Higgs sector
Let us consider the Higgs sector of the Standard Model given by [17] 
being
and
Then, the equations of motion are
Here and below we take v 2 /2 = |µ 2 |/λ for the vacuum expectation value of the theory, as usual in the Higgs mechanism. When coupled to the gauge fields the Lagrangian becomes
with the derivative[17]
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being Y f the Yukawa couplings. In the following we will limit our analysis just to the scalar part with no interaction with gauge bosons and fermion fields. The reason is to see the mechanism at work in an exact way without cluttering the main results with perturbative corrections.
Classical solutions
We consiser two different phases, U(nbroken) and B(roken), and to solve the eq.(3), we write
For the unbroken phase, µ 2 > 0, one has
provided the following dispersion relation does hold
Here Λ and χ U being two arbitrary integration constants and sn a Jacobi elliptic function with parameter
. From these we realize that, already at classical level, the mass µ is modified by the self-interaction with a coupling λ. We just need a finite self-coupling to get such a solution. This solution reduces to the known case for µ = 0 given in [18, 19] .
For B solution one has (we assume the field φ + to be zero)
being dn another Jacobi elliptic function of parameter k 2 = −1, with χ B and Λ the energy scale both arbitrary integration constants. This holds given the following dispersion relation
Green functions
In order to get the Green functions of the theory, we compute the functional derivative of the following equations
with respect to j + and j 0 and j * + and j * 0 . We can see that the equations for the Green functions have no nonlinear term. The only physical component for the Higgs field is the real component of φ 0 . So, one has
φ 0 and φ 0 * must to be computed at j 0 = 0 and j * 0 = 0 yielding the exact solutions of the preceding section. Similarly, we take
and then, these equations for the Green functions collapse to a single one
Therefore, the equation for the Green function of the Higgs field in the broken phase is given by
This permits us to obtain the spectrum of the theory. Indeed, we notice that
provided the dispersion relation (13) holds. Then, all we need is to evaluate ∆ H (x, 0) that has all the information on the spectrum of the theory. So, we rewrite the above equation as ∂ and iterate starting with the solution of the equation
(29) The phase χ 0 can be taken to be zero.
A Fourier transform yields
the mass spectrum that also entails a zero mass value, the Goldstone boson. K(−1) is a complete elliptic integral of the first kind. The successive iterate has the aspect
to be interpreted in the sense of distributions just noting that dxf (x)δ ′′ (x) = f ′′ (0). This gives
that we can Fourier transform to give
Iterating this procedure as much as we want, we realize that we are recovering the vector component of the 4-momentum. A simple boost will give the result we were looking for
Given eq.(36), the classical theory is completely solved as already shown in [19] .
Dyson-Schwinger equations
The solution we propose here to the hierachy of Dyson-Schwinger equations for the Higgs field was firtsly presented in [13] . It is based on a technique devised in [20] . We apply it to the only surviving component of the Higgs field that we name φ H .
We start from the quantum equation of motion given by
Here j is an arbitrary current. The generating functional for this case is given by
We take the average on the vacuum state |0 and divide by Z[j] giving
having defined G (j)
, the one-point function. We take
and we compute the functional derivative with respect to j giving
and, deriving once again, one has
Using eq.(39), this becomes
Taking j = 0, observing that the theory is invariant by translations, that is G 2 (x, y) = G 2 (x − y), one has the first Dyson-Schwinger equation of the scalar theory
Now, we absorb the renormalization constant G 2 (0) into the mass as µ 2 R = |µ 2 | − 6λG 2 (0). This yields
This equation has an exact solution, respecting translation invariance. Before to see this, we derive the Dyson-Schwinger equation for the two-point function.
We take the functional derivative of eq.(43) to obtain
We substitute j = 0 into this equation to obtain
Again, we set G 3 and G 4 to zero. This will be shown consistent below. Then,
The solution to eq.(44) can be written as
being χ B an arbitrary integration constant and provided we put G 3 (0, 0) = 0, that is a consistent choice as we will show below, and choose the momenta p to satisfy
For eq.(47) this is accomplished straightforwardly by making the choice χ = −p · y + χ ′ B . Making explicit the dependence on y in G 1 , one has
and we get a consistent Dyson-Schwinger equation with respect to the symmetries of the theory. To obtain the two-point function we compute the solutions of the equation
Our solution must preserve translation invariance and so [22] 
having set ζ = p · x + χ B . The other independent solution has the form
We just consider w 1 (ζ) solution to determine the two-point function as the other breaks translation invariance. We will have
Moving to the rest frame p = 0, the propagator takes the simple form for t > t ′ , aside for a multiplicative constant,
(56) to which we have to add the similar contribution for t < t ′ . Then, the two-point function is easily obatained and coincides with that given in eq.(36). This will solve the equation for G 2 provided we, consistently, will have in the following G 3 (0, x − y) = 0 and G 4 (0, 0, x − y) = 0. Indeed, one has, after currents are set to zero,
that are solved by
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and it is easy to verify that G 4 (0, 0, x − y) = 0. These hold provided that
Now we are in a position to check the consistency of our choices for the first two equations of the Dyson-Schwinger hierarchy, G 3 (0, 0) = 0, G 3 (0, x−y) = 0 and G 4 (0, 0, x − y) = 0. To achieve our aim, we need the two-point function in Cartesian coordinates. So, one has
as we can integrate with x > x 1 or x < x 1 and not both. Similarly,
is zero too. Then,
again one has G 2 (x − x 1 )G 2 (x 1 − x) = 0 for the causality property of the correlation functions so, the condition G 4 (0, 0, x − w) = 0 is verified. This confirms that our solutions to the first two equations of the Dyson-Schwinger hierarchy are exact. Going to higher orders we can verify also for G 3 and G 4 and so on, iterating the procedure and confirming consistency.
Naturalness
The main point of the above analysis provided a spectrum of the theory in the form
where ∆ H (p) is taken from eq.(36). This is a self-consistent equation to determine m n and can be cast in an analytical form by evaluating the integral. Now, we can set
.
(69) where use has been made of the fact that ∞ n=1 B n = 1. This function admits a finite value, the experimental one, for the Higgs particle mass even if Λ would be equal to the Planck mass preserving naturalness. In any case, we can yield a running coupling at a fixed Higgs mass m higgs , using |µ 0 | 2 = λv 
that is very much similar to the textbook result [16] . By these results, it easy to realize that the theory develops a Landau pole and is trivial.
Conclusions
We have shown that the exact solution of the non-interacting Higgs sector of the Standard Model satisfies the naturalness request. This has been possible has we have got the exact solution of the quantum field theory solving the hierarchy of the Dyson-Schwinger equations for the correlation functions. A further step would be to include the gauge bosons and the fermion matter but this can be accomplished only by perturbation theory. Anyway, we do not expect that the results change too much. Finally, it would be interesting, in the light of the given solution to analyze again the question of the stability of the vacuum. The observation of the effects of this exact solution at LHC should be accomplished in the study of the signal of the 4-lepton decay of the Higgs via the ZZ process. The reason for this is the difficulty to observe higher excited states due to their very low probability of production.
